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Caringbah High School 2003 Extension-2 Trial Examination

Question 1. (15 marks ) Start a new page.

aj

b)

d)

Find j sec? x(tan x+ 2)dx,

Find —:i:r
Ir +6Gx+13

il

l+8inx +cosx

Use :=tam[§J to find J

Find I{ sl using the substitution w=¢" +1

& +|]
Find  [3%dx.

) Let f,=], x"e"ds where #20. Show that

{,me=-nl for nz1.

1
il  Hence evaluate ]n 2e¥dx.
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Caringhah High School 2003 Extension-2 Trial Examination

Question 2. (15 marks ) Start a new page

a)

b)

d)

€)

Let z=3-4i and w=2+5i. Express the following in the form
x+iy, where x and y are real numbers.
1) z

B £
W
Find all the complex numbers z =& =ik, where @ and b
are real, such that |31|+!E=]I+3l

Y& P
The point A in the complex plane
corresponds to the complex number z .
A The triangle OAP is a right angled
isosceles triangle.
-
0 x

i Find in terms of z the complex number corresponding to the point £,

Marks

1} Let M be the midpoint of OF . What complex number corresponds to M 7 |

i) Express 3-3i in modulus-argument form.

ii)  Hence evaluate (3—3i)" , expressing it in the form a +ib
where @ and # are real numbers,

i} On the same diagram, draw a neat sketch of the locus specified by:

@) |z-(5+4i)| =4
;) |z+4|=lz-6]

i) Hence write down the value of = which simultanecusly satisfies
|z-(5+4i}|=4 and |z+4|=|z-6|

iii}  Use vour diagram in (i) to determine the value(s) of & for which the

simultaneous equations | z-(5+4i)|=4 and | z-4i|= k have
exaetly one solution for z .
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Caringbah High School 2003 Extension-2 Trial Examination

Question 3. (15 marks ) Start a new page. Marks

a) The graph of y = f{x) is drawn below.

e T R ER S S

Lk
L B
Ln
I

)

F
-

['1'| _IJ

AS x =» =m0, f(x) — 2, The line x =2 i5 2 vertical asymptote. The y -intercept
1&g y=1 and the x-inferceptsare x=Lx=3andx=35,
Draw separate half-page sketches of the graphs of the following:

) y=|rix| 2
B oy=£(x] ' 2
1
i .
T
iv)  y=tan”'[f(x)] 2
)] il Find the coordinates and the nature of the stationary points on 2

the curve J.e=.1r3'+t1.1:2 +%x+ &k where & is real.

e

ii} Henee find the set of values of & for which the equation
+ +6x% +09x + k =0 has three real and different roots.

c) i) Find the domain and range of the fanction  f{x) = tan~'{e* ). 1

i)  Sketch the curve f{x)=tan"'{ e } showing any intercepts on the 2
coordinate axes and the equations of any asymptotes.

s rue N IR



Caringbah High School 2003 Extension-2 Trial Examination

CQuestion 4. {15 marks ) Start a new page. Marks
i _;-'2 |

a) The ellipse —+—=1, where a = & = 0, has eccentricity ¢ =—.
PEE 2

b)

c)

The poant P{ 2,3 ) lies on the ellipse.
i} Find the values of a and b, 3

ii} Sketch the graph of the ellipse showing clearly the intercepts 2
on the axes and the coordinates of the foci.

The normal at the point P(c‘p,i] on the hyperbola .:].’nt‘z meets the
el

r-axisat . Alsolet M be the midpoint of PQ.

i) Show that the normal at P has the equation ,r-']': ~py=g f_p‘ -1 } 2
4 | .0
| 1

i)  Show that A has coordinates | S22 — = ?
1p 2p |

iii}  Hence or otherwise, find the equation of the locus of A 3

The polynomial #{z) is defined by Piz)=z* —2:* —z* + 22410,

i) Given that = =2~{ is a root of P(z) write down another 1
root giving a reason for your answer.

ii)  Hence, express P{z) as a product of real quadratic factors, 2
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Caringbah High School 2003 Extension-2 Trial Examination

Question 5. { 15 marks ) Start a new page. Marks

a)

b}

il Suppose that the polynomial F[.:] has a double zero at x =a . 2
Prove that P(x) also has azero at x = .

ii)  Thepolynomial P(x)=x" +ax® + bx+21 has a double zero at x =1. 2
Find the values of a and b.

i) Thﬂmuuﬁun:3+;1rz+q:+r-ﬂ[wtmrc p.q,¢ are non zero ) has 3
roots a, 7,y such that Lyl E L] are consecutive terms in an arithmetic
¥
sEQuence.

Show that = —2",
q

i)  Theequation x° - 26x° + 2165 —576 = 0 has roots a, 4,y such that 3
l,% l are consecutive terms in an arithmetic REquUence.
a’ By

Find the values of o, 5,5,

P
\ PQRS is a cyelic quadrilateral. The
5 0Q diagonals PR and SC) intersect at right
B angles at B. A is the midpoint of PS,
AB produced meets QR at C.
E

Let #ABP = & . Using the larger diagram provided to indicate angles, show that

i) B, P and S are concvclic points. 1
i) ZAPB = ZABP. 1
ui)  AC is perpendicular to QR 3

page /8



Caringh-sl'! High School 2003 Extension-2 Trial Examination

Question 6, [ 15 marks ) Start a new page.

)

b)

d)

If Zy % =5+ 2, find z) + 29

The arc of the curve _1.-'=x'[2—xl}|frm:u x=0to x=1 15 rotated about
waxis. Find by using eylindrical shells the volume of the solid formed.

i) Show that @~ + b~ = 2ab, where @ and b are distinet positive
real numbers,

i) Hence show that a® + k% +c° = ah+be +ca, where a, band ¢
are distinct positive real nutnbers.

! a’h?® +b%c® +cta’
iil)  Hence or otherwise, prove that = abe.
a+b+e

i} Prove that j; flx)dx = L; fla = x)dr using the substitution u = a— x

5 . .
i) Hence evaluate L; x 2T x dx, writing vour answer in the form a+/b .
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Caringbah High School 2003 Extension-2 Trial Examination

Question 7. (15 marks ) Start a new page. Marks
a)
'ri },1
The diagram shows the ellipse — +b_1 =1 with major
a
digmeter 2a and minor diemeter 25,
i) Show that the shaded area of the ellipse is given by ﬂ[; va® —xidx. 2
a
ii) Henece show that the sheded area is 7 ab sguare units, 2

b)

c)

N7

The diagram above shows a solid of height 10 cm. At height s em above the vertex,
the cross-section of the solid is an ellipse with major diameter 104k cm and
minor diameter E-u'rE I,

) Show that the cross-section af height & cm above the vertex 2

has area 20 hem” .

(]

Ay Find the volume of the solid in exact form.
If e, B,y are the roots of the equation 2 - Tx? +5x-3=0,

i} Show that the equation with roots aziﬁz.y‘? iz given by 2
4 —29x° —17x-9=10

i} Hence evaluate n'3+,|'_'5|'?'+;v3. 1

i) Expand [msﬂ'ﬂsiné‘F into powers of cos# and sind. 1

ii) By using De Moivres Theorem show that cos38 = dcos” 8 - Jcosd 2

b
iii})  Hence find the exact value of 4oos [%J - 3m{-|EﬁJ' |
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Caringhah High School 2003 Extension-2 Trial Examination

Question 8. [ 15 marks ) Start a new page.

a)

b}

<)

Find afl solutions in radians of the equation

3in3'§+m53£'= 3

S0 7+ cog 4

For this gquestion assume that tidal motion is simple harmonic.

On a certain day, the depth of water in a harbour at high tide at 5 am

is 9 metres. At the following low tide at 11:20 am the depth is 3 metres,
Find the latest ime before noon that a ship can enter the harfbour if a
minimum depth of 7.5 metres is required. [ Show all reasoning ).

In the diagram above the fixed points A, O, B and C are on & straight line
such that AQ = OB = BC = lunit. The points A and B are also joined by a
semicircle and P is a variable point on this semicircle such that &£ POC =@,

R is the region bounded by the are AP of the semicircle and the straight
lines AC and PC.

i)

1ii)

iv)

v}

"
Show that the area § of R is given by: 5’=%—E+sm£'.

Find the value of @ for which § is a maximum.
Show that the perimeter L of R is given by:

L=34g-0+5—dcosf .

Show that I has just one stationary point and that it occurs at the
same value of @ for which & is a maximum.

Hence find the greatest value of L in the interval 08 < 7.

END OF PAPER
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STANDARD INTEGRALS

x" dx =L.|:‘"+I. nE=1 x=0, ifn<
p n+1
"1
—dx =lnz, x>0
J X
e dx '—“%-ﬁ"“, azi
[ 1.
cos axde = —sinax, R
Jsiu.nlrn'.r =—%cusm:, azl
J‘sacza.xdx =%t.u.n.::|.!: awl

1 | -1 &
ﬁd.r =—tan ' —, azl
fﬂ + X a a'
i 1 _A'
dx =sm"E a=0, —a<x<n
JJat =3
1 1 i
- =m(x+x'x=-a1]. a=a=l)
j 1‘|'11_H1
. { Sl
dx =]J'.l{x-l-*-.-'.:1-1+.:22
4 oyxt + gt

NOTE : lnx:]ngr:r_ =0
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i) P(x) =(Jc--at)2 O(x) (where O(x)is a polynomial)

P'(x)=2(x-a)Q(x) +(x-a) 0'(x) o

=(x—a)[2Q(x)+(x—a)Q'(x)] -
~P(a)=0 ie x=eaisaroot of P'(x)=0 |
e 1)) P(x)=x"+ax® +bx +21 "\'"““"'“_—*_"_ -
P'(x)=4x3+3ax2+b b s
P(l)=1+a+b+21=0 '1,|~—~ e e
P'(1)=4+3a+b=0 S —
a+b=-22 o “.
3a+b=—4 )
Solving simultaneously a =9, p=-37. oo e
NI T 1 1 1. 1 2 1 1 1,11 3 |
o @) E’F?IHAP: -—E=;—--ﬁ = B=—&+? Then 05+E+;’—=E
| N Bu L+l Ll Brtyataf g Hence = <-4 _ 3
a ¥ afy r B r q i
(if) x* ~ 2637 +216x~ 576 = 0 such that —l-,i,i in AP ::>,B=——1§—15—67—6= |
) Then o +y =26-8= 18 and ay= 576 8=72. !
Hence @, ¥ zeros of x*—18x+72=(x- 12)(x-6). '
@, B,y are 6,812 or 12,8,6 respectively. ! -
[] <I°35 ‘“Ciu fa‘é“ﬁam(f /4"“’/’5'&;4-”’ n P .

LLx3

v ./_/,Z-

Z («'/k/r%; .{.5"

B
) 5//)6& /‘% /J M&ﬁ/é{/ﬂ?” Of/ddmey’zt’//gfl
Ao =S8 S=racl ) > A AP 1505
Henco £ Are=< #6P o R

*{/455"' ‘?O —-ol - 5 -4 @ﬂ&—— ?d o/ {\/ﬁr?‘/la&é o/.a,a_ B

1% £ ac&_._lgo—cx) (G

0=) f';f;jjf"f_’_”

£ 5/‘%’—-45(52/‘( e {4 /1 St e .S‘e(yﬁgﬂ,t‘—”

i)

::;_f FZ 5y = 21+ Zn = L)+ Z .= Sl .
- AV =2mxyAx e
1
. V_—_A:]‘m-}OZ2“xyAx _ —

x=0

P LL
=75 cubic units.

Since ab,a-b>0, 50 (a -b)2>0.
Hence a2 -2ab + 52> 0

a2+ b2>2ab.

From (i), a?+b2>2ab,
b? +¢2> 2bc and
a?+c2> 2ac.
Adding, 2(a2 + b2 + ¢2) > 2(ab +ac + bc)
a2+ b2+c2>ab+ac+be.

LetA=ab,B=bc and C=ac.

Then A, B and C are distinct positive numbers, and from (ii), -

A2+ B2+ C2>AB+AC+BC.

Substituting,

a2b? + b2c2 + a%¢2 > (ab)(bc) + (ab)(ac) + (bc)ac) .

Now (ab)(bc) + (ab)(ac) + (bc)(ac) =abc(a+b + ).
a%b? + b2c? + a%c?

Hence ——————>abc.
a+b+c

i
i .
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